Neutron spin-echo resolved grazing incidence scattering (SERGIS) measurements performed on a silicon diffraction grating with a rectangular profile were shown in our previous publications to be well explained by dynamical theory calculations. The theory is based on a Bloch wave expansion of the neutron wavefunction in the periodic layer of the grating, which includes all multiple scattering within that layer. Calculations show that the spin-echo polarization should be very sensitive to the scattering geometry (i.e., incident angle, sample alignment and beam divergence) and the sample specifications (i.e., grating period, groove depth). To test these predictions, SERGIS measurements have been performed on a set of gratings with different specifications in various scattering geometries. In all cases, simulations based on the dynamical theory, with all the parameters set to their known values, are in good agreement with the collected data.
I. INTRODUCTION
Scattering techniques applied to surfaces and interfaces have evolved considerably in the past few decades due to the growing need to study samples with complicated profiles. Conventional probing techniques such as atomic force microscopy (AFM) or scanning electron microscopy are good for providing local surface and near surface information of the probed area. However, these contact probes cannot be used to characterize the morphology of structures buried deep under the free surface of the sample. Although a 3D reconstruction of the sample is possible through a layer by layer analysis accomplished, for example, by stepwise plasma etching and AFM measurements on the same area, 1 this method results in the physical destruction of the sample. On the other hand, scattering techniques, combined with an accurate theoretical formulation are capable of retrieving profile information without any damage to the sample. In this regard, various theories have been proposed to extract information from such scattering measurements. Among these theories are the Born approximation, the distortedwave Born approximation, the phase-object approximation and the dynamical theory (DT). Although these theoretical approaches have given good account of data in several cases of electron, x-ray and neutron scattering measurements, [2] [3] [4] [5] one should keep in mind that they do not hold for all scattering regimes. We are investigating the limits of validity of these theories and their applicability in various scattering regimes and will present our findings in a future work.
In this paper we discuss our ongoing study of two related aspects. On the experimental side, we explore the sensitivity of a particular neutron scattering method (SERGIS 6 ) to the details of both sample structure and scattering geometry. SERGIS measurements have been done on diffraction gratings with known profiles in different scattering configurations. Details of the experimental setup and results are discussed in Secs. III and IV, respectively. On the theoretical side, we demonstrate that a dynamical theory can accurately match the experimental data using only the known grating parameters. This is an important finding since sample morphology is often obtained by fitting a theoretical calculation to scattering data. If the theoretical formalism is approximate, then fitting can yield incorrect structural information. In Sec. II a brief discussion of our dynamical theory is given which complements the published derivation. 7 Finally in Sec. V our conclusions are presented.
II. DYNAMICAL THEORY
The wavefunction, wðrÞ, of a neutron with an initial wavevector,k 0 , scattered from a sample with a scattering length density, qðrÞ, is a solution of the Schrödinger equation:
The scattering geometry that we consider in this paper is one of grazing incidence where the neutron beam is incident on the grating almost parallel to its lines (which are along the x axis as shown in Fig. 1 ). Due to translational invariance of the grating along the x axis, the x component of the wavevector transfer vanishes and we can effectively limit our study to scattering in the plane perpendicular to the free surface of the grating and its lines. Within this plane, we choose the z axis (y axis) perpendicular (parallel) to the average surface of the grating (Fig. 1) 
Here q air and q silicon are the values of the neutron scattering length density in air and in the substrate respectively and q mod is the modulated scattering length density varying with y as a square wave between values q air and q silicon . In Eq. (2), t is the depth of the lines of the grating and d is their period. The incident beam is a plane wave with wavevector components which, according to the scattering geometry shown in Fig. 2 , can be expressed as:
In our experiments, both h and u are fractions of a degree. First consider the form of the wavefunction in the air above the grating. In the region z > 0
This is simply a sum of plane waves, since a plane wave is an eigenstate of the local free-space Hamiltonian. There is one plane wave propagating toward the surface (the incident beam with unit amplitude) and a set moving away from the surface, each with a separate reflection amplitude, R m . The wavevector components of these reflected beams are k x ¼ k 0x , k y ¼ k 0y þ mg and k z ¼ k z ðmÞ. The first two relations follow from the wavevector conservation rules for our grating system: the x component cannot be changed, while the y component can only change by an integer multiple of the grating's smallest reciprocal lattice vector, g ¼ 2p=d.
The z component is determined by energy conservation since the scattering process is elastic so all reflected beams have the same energy as the incident beam, i.e.,
Note that k number and the beam decays away from the surface. For the latter case the beams are evanescent and, in the language of optics, contribute only to the "near field". They are important for the matching process between regions but do not reach the detector in the experiment.
For the propagating beams, the reflection coefficient is defined by:
< m represents the fraction of the incident flux carried away by the mth order reflected beam. An alternate characterization is that < m gives the relative probability for a neutron to be scattered with y component of wavevector transfer q y ¼ mg.
This latter view allows contact with the theory of spinecho. These instruments are designed 9 so that for a wavevector transfer q y the spin polarization of the scattered neutron is cosðq y y se Þ where y se is the spin-echo length defined in the next section. We can convert the relative probability < m to an absolute probability through the definition:
where the ($) sign indicates that only m values of propagating reflected beams are included. Then it follows that the normalized spin-echo polarization, averaged overall possible reflections is given by
where P and P 0 are the spin-echo polarizations obtained, respectively, by scattering from the sample and by reflecting from a smooth flat substrate. Hence one can easily calculate P=P 0 once the reflection amplitudes, R m , are determined. Our argument so far has not shown how R m can be found. This task is accomplished in dynamical theory by expansions of the neutron wavefunction in the other regions and a matching process. In the modulated layer, the neutron wavefunction is expressed as a sum of Bloch waves along the y direction with corresponding plane wave factors along þẑ and Àẑ (due to internal reflections at the interfaces). In the substrate, the neutron wavefunction is a sum of transmitted beams only. The reflection and transmission amplitudes of the neutron wavefunction in the different layers of the grating are determined by applying the condition that the wavefunction and its z derivative are continuous at the interfaces of adjacent layers, i.e., at z ¼ 0 and z ¼ Àt. More details are given in our previous publication. 7 We note here that to have a mathematically well-defined problem, the sums on m in the three regions must run over the same values of m. We increase the range of the m's until the R m 's stop changing up to the third significant figure. For the present experiments this convergence of the dynamical theory (DT) usually sets in when À5 m 5; i.e., a total of 11 beams.
III. SERGIS SETUP
SERGIS measurements discussed in this paper were performed at the OFFSPEC beamline at ISIS. 10 As in any spin echo apparatus, a polarizer at the beginning of the neutron flight path polarizes the neutron beam (say alongẑ as shown in Fig. 3 ) which is then split by the first p=2-flipper (to the left in Fig. 3 ) into two sub-beams with opposite spin states þz j i and Àz j i. The two sub-beams are guided through the different magnetic field regions (with the magnetic fields along the z direction) into different paths dictated by the Zeeman interaction between the magnetic field and the spin state of the corresponding sub-beam. The p-flipper and the symmetry of the setup ensure that if the neutron beam is specularly reflected from the sample the relative phase acquired by the two sub-beams in the first half of the instrument is canceled in the second half. Consequently, when the two subbeams are recombined in the second p=2-flipper (to the right of Fig. 3 ) the emerging neutron beam has the same polarization as the incident beam. This phenomenon of retrieving the initial polarization is called spin echo. If the scattering is not in the specular plane, the relative phase of the sub-beams is not totally canceled in the two parts of the instrument and a net phase is acquired by the emerging beam, resulting in a depolarization of the emerging beam. The normalized polarization measured in spin-echo experiments is determined by Eq. (8) , where the spin echo length is given by:
In Eq. (9), L is the separation between the magnetic field regions with inclined boundaries, a is the angle between the inclined boundaries and the average neutron beam direction (Fig. 3 ), E 0 is the kinetic energy of the neutron beam in vacuum, and lB is the Zeeman energy of a polarized neutron with a magnetic moment l in the magnetic field, B, of the inclined-boundary field regions. The spin echo length is effectively the distance over which correlations in the scattering sample are probed by the SERGIS technique.
In all the measurements described in this paper, except the one corresponding to Fig. 4 , the angle of orientation of the inclined boundaries relative to incident neutron beam is set to a ¼ 79
. Substituting this value of the angle as well as the parameters of the instrument in Eq. (9) the relation of the spin-echo length to the neutron wavelength is found to be: y se ¼ ð10 3 nm À1 Þk 2 with y se and k both expressed in nm. With this relation and with a neutron wavelength range 0:2 nm < k < 1nm, the spin echo length varies between 40 nm and 1 lm. For the data of Fig. 4 , the relation is given by: y se ¼ ð516 nm À1 Þk 2 , rendering a spin echo range of $20 to 516 nm.
IV. SENSITIVITY OF SERGIS
Dynamical theory calculations on SERGIS geometries indicate that the spin-echo polarization is very sensitive to the scattering geometry and to the sample specifications. To test for this sensitivity we performed different SERGIS measurements on different samples varying one parameter at a time. In this paper, we will show the degree of sensitivity of SERGIS to the angle of grazing incidence, h; to the sample alignment defined by the sample alignment angle, u, between the mean incident neutron beam and the lines of the grating; and to the height of the grating structures represented by the groove depth, t. It is important to note that the expression of the spin-echo polarization in Eq. (8) corresponds to a given value of h and u within the incident beam divergence. Thus, to calculate the detected spin-echo polarization, P=P 0 h i, one should average Eq. (8) over the distribution of the incident h and u.
A. Sensitivity to the angle of incidence
In the first case, two grazing incidence measurements, with nominal average grazing angle h 0 ¼ 0.15 or h 0 ¼ 0.18 , were made on the same silicon grating of period d ¼ 556 nm, groove depth t ¼ 140 nm and filling factor f ¼ 0.5 with the same (average) alignment angle u 0 ¼ 0 . Even with such a small variation in the incident angle the spin-echo polarization differs dramatically as shown in Fig. 4 . Dynamical theory simulations for these experiments have been done. For these (and all further) calculations the beam divergences in h and u are represented by Gaussian distributions with a standard deviation of 0.01 for h and 0.1 for u, as calculated from slits widths and separations on the OFFSPEC instrument. The results show good agreement with the data in both cases of Fig. 4 and confirm the sensitivity of SERGIS to rather small differences in the angle of incidence, at least for the angles that we studied. , the DT calculations are carried out with beams of orders between À5 and þ 5. The choice of the truncation order is again determined by the smallest number of beams for which the polarization is found to converge. The choice of the symmetry in the included orders is due to the symmetric angular distribution of the incident beam around u 0 ¼ 0 , which is a Gaussian centered at u 0 ¼ 0 . In the calculation, we assume that all the reflected beams are captured by the detector. This assumption is justified by the fact that the scattered angles, u scat , lie within the angular acceptance of the detector as calculated from instrumental parameters: du j j < 0:4 , where du is the deflection angle (away from u 0 ) of the scattered beam. With these settings, the calculated spin echo polarization agrees with the measured polarization as shown in Fig. 5 .
For the case where u 0 ¼ 0.3 , the calculation is again based on an 11-beam approximation but the range is asymmetric with À9 m 1. This shift in the orders of the reflected beams included in the calculation is dictated by the shift of the Gaussian distribution in u, now centered at
Since the detector we used in our measurements has a limited angular acceptance in u, not all the reflected beams can be captured by the detector and we need to restrict the values of m appropriately. In Fig. 6 , we show three calculations of the spin echo polarization for the same scattering geometry as the experiment: in the first we include all reflected beams; in the second we include only those beams scattered within the angular acceptance of the detector, considered to be centered with the incident beam (i.e., À0:1 < u scat < 0:7 ); in the third, we introduce a displacement of þ1 cm of the detector along the y direction [cf. Figure 2(b) ] so that 0:1 < u scat < 0:9 . The first calculation represented by a gray line in Fig. 6 obviously does not agree with the scattering data, whereas the second represented by the dashed line shows better agreement with the data. The third calculation shows the best match to the experimental results and is consistent with our knowledge of the azimuthal position of the detector, which we did not determine accurately enough during the experiment. This shift in the position of the detector causes beams of large wavelengths and large negative orders to be excluded in the calculations as they scatter outside the effective area of the detector. The remarkable differences between the three calculations illustrate the sensitivity of SERGIS to the number of beams that can be collected by the detector.
C. Sensitivity to the groove depth
For the case of sensitivity to the height of the studied structures, we intended to carry out two measurements with the same scattering geometry performed on two gratings that share all features except groove depth. The two gratings we used have the common values d ¼ 556 nm and f ¼ 0.5, but one has t ¼ 110 nm and the other t ¼ 140 nm. Unfortunately, h 0 was different in the two experiments. We later found that h 0 ¼ 0.18 for the grating with t ¼ 140 nm and h 0 ¼ 0.15 for the grating with t ¼ 110 nm, so the two sets of data are not directly comparable because they differ in both groove depth and incident angle. However, DT calculations on the two gratings (with t ¼ 110 nm or t ¼ 140 nm) for h 0 ¼ 0. 18 , shown in Fig. 7 , make it possible to predict the sensitivity of SER-GIS to groove depth. We find that the normalized spin-echo polarization should easily pickup even a small change (30 nm) in the height of the grating structures. Further, the data for the t ¼ 140 nm grating presented in Fig. 7 shows the accuracy of the theory in reproducing the experimental results. It is important to note that although we did collect SERGIS data on the grating with the height t ¼ 140 nm in a setting where h 0 ¼ 0.15 as shown in Fig. 4 , direct comparison with the data in Fig. 5 is not possible as these two sets of data have different y se =k 2 ratios (discussed at the end of the previous section). This means that the same value of the spin-echo length in the two cases corresponds to two different values of the neutron wavelength. Knowing that the probabilities,p m , are wavelength dependent, one cannot directly compare measurements done in different magnetic field settings.
V. CONCLUSION
The agreement between dynamical theory calculations and SERGIS measurements on gratings of known specifications shows the efficacy of this scattering technique in the determination of profile features with a considerable degree of accuracy. This is a first step in applying SERGIS, combined with an accurate theory, to extract profile information about in-plane periodic samples with unknown structures. The sensitivity of the SERGIS measurements to small variations in probed morphologies and the accuracy of DT in reproducing this sensitivity can be of great importance in several fields, such as the determination of self-assembled structures under confinement in the grooves of a grating. In fact, the sensitivity of the scattering technique and theoretical model to slight differences in the measured parameters plays a major role in the degree of accuracy with which these parameters can be extracted. In some cases, a rough estimate of the measured quantity can be enough for the scientific purposes behind the experiment, whereas in other cases a high degree of accuracy in determining specific features is required.
The dynamical theory simulation we have developed can be adapted for x-ray scattering from periodic structures. The theory can be also modified easily to apply to gratings with different profiles. In fact, we have developed a thinslicing dynamical theory code based on the Parratt formalism and it has been successfully implemented to reproduce neutron scattering data from gratings with trapezoidal and sinusoidal profiles. 
